In order to account for the uncertainties in the values of these parameters, the procedure that is normally used in practice is to assume nominal values for the parameters in the optimal design, and then apply empirical overdesign factors to the resulting sizes of the units. Since this -2-procedure lacks a firm rational basis, a number of different methods have been suggested to account for the uncertainties in a more systematic manner, and a detailed review of these methods can be found in Halemane (1982) . The proposed methods differ mainly in the basic design strategies that are postulated, since in principle the problem of design under uncertainty is not well-defined. However, it should be pointed out that the major objectives that one would like to accomplish in this problem are to ensure optimality and feasibility of operation for a given range of parameter values.
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It is the purpose of this paper to present for the problem of optimal design under uncertainty, a new mathematical formulation that can ensure rigorously feasibility of operation of the plant for a bounded range of parameter values specified by the designer. The proposed formulation which involves an infinite number of constraints and variables, is very general and yields fundamental insight and understanding of the problem of design under uncertainty. A solution algorithm is proposed to solve this problem for the case when the constraint functions are convex, and its application is presented through two design problems.
Conclusions and Significance
This paper has presented a rigorous formulation for the problem of design under uncertainty. As has been shown, the crucial aspect in this problem is to guarantee the existence of feasible regions of operation for the specified range of parameter values. The max-min-max constraint provides the required mathematical framework to handle this aspect. In addition, this formulation has yielded the following interesting insights and results:
1. For a given design and fixed parameter value the max-min-max problem provides a measure of the size of the feasible region for operation.
2. The critical parameter value corresponds to the one for which the feasible region of operation is the smallest.
Introduction
In the design of chemical plants there are usually a number of parameters for which there is considerable uncertainty in their actual values. For instance, these parameters can correspond to internal process parameters such as transfer coefficients, reaction constants, efficiencies or physical properties. In addition, the uncertain parameters can also be external to the process such as specifications in the feedstreams, utility streams, environmental conditions or economic cost data.
In order to account systematically for the uncertainties in the parameter values, Grossmann and Sargent (1978) have proposed a design strategy in which the basic objective is to design a flexible plant as follows.
Firstly, a design should be selected for which it can be ensured that the design specifications will be satisfied for a bounded region of the parameters. This should be accomplished by suitable manipulation of the control variables for the different realizations of the parameter values. Secondly, the design should be selected so as to optimize the expected value of the investment and operating cost taken over the specified range of parameter values. The basic idea in this strategy is that advantage should be taken from the fact that control variables can be adjusted to satisfy the design specifications during the operation of the plant, as it is only the design of the plant itself that will remain fixed. The strategy clearly reflects one of the main concerns of design engineers, which is to ensure feasible operation of the plant in the region of parameters that has been specified.
In addition, the important point is that this is done while simultaneously optimizing the design of the chemical plant. Therefore, this strategy offers the potential of avoiding empirical overdesign for which neither optimality nor feasibility of operation can be guaranteed.
It is the objective of this paper to present for the above cited optimal feasible operation at the point 9 of the parameter space. Note that despite this discretization, the feasibility constraint is still imposed so as to restrict the choice on the design d to guarantee feasible operation for every point GeT. Thus, the formulation in (7) is a nonlinear semiinfinite program (NLSIP), with a finite number of decision variables and infinite number of constraints.
It is interesting to note that if the feasibility constraint is excluded in (7), the resulting structure of the problem is equivalent to that of a deterministic multi-period problem, where the plant operates in each period with the parameter value 8 , and with the length of period proportional to v , As discussed by Grossmann and Halemane (1982) , this class of multi-period design problems can be solved very efficiently with the projection-restriction strategy that they have proposed. The question that immediately arises then is whether a finite number of points in 0-space can be selected, so that by ensuring feasibility of the design for those points, one can guarantee that the feasibility constraint in (7) will be satisfied. If such a choice of finite number of parameters values were possible one could clearly solve problem (7) as an equivalent deterministic multi-period design problem. In order to answer this question, it is essential to first reformulate the feasibility constraint in (7) in a more amenable form for analysis.
Reformulation of the Feasibility Constraint
The logical constraint
which ensures overall feasibility of the design is the major source of computational difficulty in numerical solution of the design problem represented by the NLSIP in (7). The reason is that it involves an infinite number of inequality constraints for which feasibility has to be tested.
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The following theorem provides a possibility for circumventing this problem.
Theorem 1
The logical constraint (8) and the max-min-max constraint, max min max f ,(d,z,9) £ 0 (9) z J are exactly equivalent.
Proof
The theorem can be proved in two parts, namely, (8) =^ (9) and (9)->(8), as given by Polak and Sangiovanni-Vincentelli (1979) and Halexnane and Grossmann (1981) . An alternative proof which is simpler and more direct is given here. By the definition of the terms and relationships used in (8) and (9) To illustrate these ideas consider the following set of two constraints which involve one control variable z and one parameter 0:
Figure la To illustrate the application of Algorithm II described above, two example problems are presented below.
Example 1
In this example the heat exchanger network 4SP1 of Lee et al. (1970) with outlet temperatures specified as inequalities is considered (see Grossmann and Sargent, 1978) . The flowsheet consists of five heat exchangers, one of which is a steam heater and another being a cooler using cooling water, and with two hot streams and two cold streams as shown in Figure 4 . Table I gives the data for the prob Here the first four constraints correspond to specifications on the outlet temperatures, and the last five on the minimum temperature approach. Table 2 gives the initial set of vertices considered for design, which were obtained by analyzing the signs of gradients of individual constraints as suggested by Grossmann and Sargent (1978) . Note that this set consists of the nominal point and four extreme points. The design corresponding to these five parameter points was found to be feasible for all the 32 vertices. The results are given in Table 3 , from which it is clear that the values of f are non-positive at all the vertices, thus ensuring feasibility. Note that the actual value of p is dependent on the scaling factors used for the constraint functions, which are given in Table 1 Example 2 Figure 5 shows the flowsheet consisting of a reactor and a heat exchanger, used to handle a first-order exothermic reaction A-B, for which the problem data is given in Table 4 . The parameters considered to have uncertainty in their values are: (i) F , the feed flow rate (+10%),
(ii) T o> the temperature of the feed stream (+2%), (iii) T^, the inlet temperature of cooling water (+3%), (iv) k , the Arrhenius rate constant (+10%), and (v) the overall heat transfer coefficient for the heat exchanger U (+10%). Among these five parameters, the first three are associated with inlet streams to the units while the latter two correspond to internal parameters of the process. The conversion is specified to be not less than 90%, and the temperature of the reactor must be lower than the specified upper bound, 389°K. The design problem consists in selecting the optimal sizes for the reactor and heat exchanger so that the spc ifications can be satisfied by suitable choice of the temperatures T-, Tj, T «, in Figure 5 , irrespective of the actual values of the parameters. The material and heat balance equations and design equations for the reactor and heat exchanger represent the equality constraints of the design problem, and are given in Grossmann and Halemane (1982) . Other specifications to be satisfied are expressed by the following inequality constraints: Table 5a . The design corresponding to these four points is given in Table 6a . This design is found to be infeasible for eight of the thirty-two vertices as indicated in Table 6b by the positive values of f for these eight vertices. Since the value of f is found to be the same for all these eight vertices, one among them is chosen to be added to the initial set of vertex points considered in design. This new set of five parameter points is given in Table 5b and the resulting design shown in Table 7a . This design is feasible for all the 32 vertices as shown by the non-positive values of f given in Table 7b . Here again, these values of J correspond to the scaling factors given in Table 4 for the constraints of the problem. This example illustrates the need for analyzing the max-min-max constraint as a means to achieve feasibility of operation for the specified set of parameter values.
The CPU-time needed to obtain the design in each of the two iterations through Algorithm II is also given, in Tables 6a and 7a respectively. Tables 6c and 7c give Table 3b V -6.5 m 
